
Math 564: Advance Analysis 1
Lecture 17

Infinite products of measure spaces . Ne already discussed products of
two measure spaces, home we can define

finite products of measure spaces by induction or just expect the

construction/arguments we did but for a finite product.
What about infinite products ?

ht I be an index set le .g .
I : = IN but also I : = (R) . Fr each is I,

let (Xi BiWil be measure spaces, Firstly , let X : = MXi
,/ it I

/and let &28 demote the 5-algebra generated by cylinders , i. e .

iCI
sets of the form

[(BilicI] :
= B: T Xi

:

jC I /Io

where In ? I is finite
,
BitBi Viele

.

We would like to
get a measure Mon &Bi sit

.

icI

↑(((Bilict]) = i (B: ) x iXil
jEILI

for euch uglinder [Bilizto] . Firstly , we want this infinite product
to be well-defined

.
Also , we don't want it to be d or P to

get cn interesting measure·In particular, we want all but finitely
may measures M(Xi) to be finite

. To ensure this well-defined
we only consider probability ,paces .
So ansuming M(x :)=1 K ial

,
we want a measure :

~(((Bilict])= Bil (A)



Let A danote the algebra generated by cylinders
,
which is

just the collection of finite disjoint unions of cylinders .
Use (A) to define a finitely additive measure & on A

.

Its well-firedness and neare also finite additivity is down

as usual via taking refinements of partitions .

additive measure on A
,

so itsSo now is a finitely e
. If A = Lan where A

,
An A

,tibly sup additive,

M(A) = Z M(An)
.

nEIN

Meerem (Kakutani 1943)
.

M is also ofly subadditive
.

In particular
,

by Farathodpy ,
o admits an extension to a measure on

Sh

* Bi . probability
itI

We will prove this in the bllowing special cose :

Prop . For I :=IN and each (X :, Bi, Mil being a standard prob .

space ,
i
.
e

. Xi is Polish and Bi = B (Xi) .

Proof
. By the Bonel Isomorphism theorem , we may assure Xi is a con-

par↓ Polish space Leg .
2"
/
C0

, 13 , 303 U31 : nGN+3) ·
To show It i defined above on the algebra A generator
cylinders is bubadditive

, it's enough to let A = LAnb
by u
a disjoint union of cylinders , where A itself is a glicher

A: [IBi)isNT .
Now we use the tighteen of the i to replace

ech Bi with a compact BizB : so Al : = ((B : )i<N] in

compact by Tychonoff's Reorem und M(A) EssM(AK . Similarly
,

using the eyularity of each i ech

will an open cylinder E - with Y Ancylinder An -A,



so AndueN is an open cover of the compact set Al
,

heace

admits a finite abcover (Ao
,
As
, ..., u , which shows t

M(A) =s, M(A)=
I

2M(Ai) s
,
(A)

.

Differentiation of measures .

Given two measures o and w an the same measurable space

(X
, B) , we would like to understand how thes relate to each other.

We already defined the motion of absolute continuity e 8
,

i. e - for all BEB V(B) = 0 => M(B) = 0
.

We also recall A
hand is finite Han a Bovel-Candelli argument shows UA 230

=530 sit . if W(B) = Her M(B) = 3
,
which justifies Ha term

absolute continuity

Th opposite etion to absolute continuity is orthogonality .
Be . We

say
It o and 0 are orthogonal , demoed 10

,

if
x = XrXvs . H. f(Xr) = 0 and 0(X) = 0 ./

If this is the case
,
them it is easy to check that this decompo-

silien in unique up sets but are both M and O wall
,
i
.

e
.

if X = 1 ↳ XI is another such decomp . When XMAX al/M
Xr AX ! are well not bolk measures .

Examples , (a) A pointmass do at 0 is ortrogonal to be debesque measure ,
will dec-position (R = 303 ( (IR)[03) .
Consequently , any attl positive linear combination of
Dire measures is orthogonal to the Lebesgue measure .



(b) Let up be te Bernoulli (p) measure on
ZIN Let h : 2"s (

~

be the canonical homeomorphism from 2 to the standard i
Cantor set

,
i
. e . b(x) = = 252. x(n) .

Let Up =
= harp .

nEIN

x(C) = 0 but up (C)
= 1 while Up (IRIC)

= 0
.

So

UptX and the decomposition is C4(IRI) ·

2) For a fixed menswer
,
let X= Xo4X , of let fi : X->0,1)

be
any measurable functions fi = fi - 1x:

Them He measures No al or
,

are orthogonal with X=XoUX,
being the decomposition . MeFo

Labesque decomposition theorem .
For my two finite measures

,
0 on

a measurable space (X , B) S X = = Xe H Xo 3
.
t

.

Mix, /x
,

and MixotvIXo

Def . Measures o 20 on the same measurable space (X
,
B) are

called equivalent
,
denoted Mas

,
if Mx8 and <M

-

This means It M and i have te same will sets
.

From rebesque domp . tha
,
we get :

two affinite measures &10 = X = 104X
,

Cor
. For ans I

/

such Cut ↑x. VIxo al My
,

Nolx
,

Proof
.
HW

.

To present the proof of Gebesque decomposition nicely , also for



other purposes later
,
we would like to be able to subtract one

measure from the other
,
which yields signed measures .

Det . A function : B->(-*
,
8] on a F-algebra B oX is called

a signed measure if

(i) M(0) = 0
(ii) M(LBn) = 2 M(Bul

UEIN UCIN

(ii) M doesn't attain both - - al & values
·

Examples . (a) All measures are sighed measures .

(b) If 5
,
w me measures where at last one is

finite
I
Hen -p is a sighed measure

.

(c) ht F = ('IX
,
M)
,

Men F(B) := Sfd is a finite signed
measure

.

Note It M = + - like in (b)
.

The following shows ht (b) contains all examples of signed
measures .

Jordan Decomposition Theorem . Every signed measure is of the form
W

-0
,
where M

,
0 are measures one of which

is finite
.


